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P 3-2 Displacement, Deformation,

and Strain

m Displacement

a vector indicating the movement of a point with respect
to some coordinate system.

m rigid body motion

m deformation

displacement
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P 3-2 Displacement, Deformation,

and Strain

m Deformation
Change of size and/or shape of a body.
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Note: The elongation induced by the same load may be different.
=) Need a quantitative measure of the “intensity of deformation”.
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P i 3-2 Displacement, Deformation,

and Strain

m  Strain

Deformation per unit length (Intensity of a
deformation)

m normal strain ¢
m shearing strain y

Average

Axial Strain e O
avg L
Original f—L =8, Local point P
1) o
DR 5 Y
= . ¢gP)=Ilim—=—="
R = R

p.123 ) .
3-2 Displacement, Deformation,
and Strain
Shearing Strain
y
R (b = Xy
—y
Original S, -
2 =—=tan¢g = ~
outline Vo =7 $ =sing=¢
i v (P)=lim 2% _ s . g

A0 AL dL 2

Note: Usually 8/L < 0.001, tang=sing= ¢.
v : decrease in the angle between two reference lines
that are orthogonal in the undeformed state.
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P 3-2 Displacement, Deformation,
and Strain

m Units of Strain : dimensionless
m Normal strain:  m/m (or um/m)

m Shear strain:  rad (or p-rad).

m Sign Convention for Strains

m Normal strain:

elongation: + tensile strain
.‘.

contraction : — compressive strain 0=y
m Shearing strain Original

outline

‘- 5)_....,"
o' decreases : + i
LY [
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Example Problem 3-1

2.00 ft Given: (‘gavg)center= 960 w infin
Lu/d =0°01n 8,0y = 0.04032 in
’ i Id =1.00in
| ‘ Find: Scenter = ?
| 8.00 ft ! .,
€eng ~

B¢ =€, L = 960(L0°°)(2)(12) = 0.02304in = 0.0230in = 0.585 mm

Sz =3y — e =0.04032in —0.02304 in = 0.01728in = 0.439 mm

6. 0.01728

= =240(10%) = 240 win/in = 240 umm/mm
e =] 6(12) 107) U w
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i Example Problem 3-2

y

v

oo Yasaa

10 mm

Yavg =1000m/m

Determine
Displacement of A=?

8 = Vay L =1000(10°)(10)mm = 0.01 mm =10 zm

p.125

* Example Problem 3-3 (I)

&pe =0.0006 in/in

Determine

Ou =7 48 =7

d,45= ?ifthereisa 0.001 in clearance in the connection
at B between bar AB and CF.
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Example Problem 3-3

[SY
o

— R
BB'=—ugl —v,

S, =AB'—AB=AB'-L

8,5 =1/ (L+Vg)*+uZ —L
8% +28ABL+)4Z:}Z'+2VBL+V§+U,§

Neglect squares of small displacements,

Do +28,5L =2 L+E + UL ﬁ —{}
) S =Ve Similarly, ) Spe =Ve

p.125

Example Problem 3-3 (II) ) AﬁTT ]

c
]
E  Rigid B
—3# SR 2ft
P

Spe Srp
3 ft l 5 ft l .
S Determine
I \\‘T\\ O =7 E45 =7

Sz = Epe Loy = 0.0006(3ft)(12in/ft) = 0.0216 in

S :gaDE :2(0.0216in) =0.0576 in
6, 00576

= =0.001200 in/in =12004in/in
S T T a12) o
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Example Problem 3-3 (III)

8DE

ap
l ; clearance )
L 5 ft [ Determine
- Wo,=?¢45=7

Ops = %505 — clearance = 2(0.0216) —0.001=0.0566 in
Epp = O _ 00566 _ 0.001179 infin =1179win/in
L 4(12)
p.129

3-3 The State of Strain at a Point

i
— dx’ \

y \ ‘

T—— dx —H'

(b)

(a)
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3-3 The State of Strain at a Point

m Strain components associated with the Cartesian
coordinates

dx'—dx _ dg, ke dx
& = dx :dX dX,:(1+8X)dX
dy' —dy dd -
g, = yd y:(Ty =) (dy'=(l+¢,)dy
y y d
’ r__
82:dz —dz _dg, dz —(1+6‘Z)dX
dz dz
T, T
ny=5—9xy 0y 2 T xy
T, T
yﬂ:E—GW > 0, 5 Tn
_T 0 ==-
’YZX_E_GZX x 2 Vax

p.130

i 3-3 The State of Strain at a Point

m Normal strain associated with a line in direction n

e = dn’—dn _dg§, dn’ = (1+¢, )dn
dn dn

m Shearing strain associated with two orthogonal lines in
directions n and t

T ’ ’ T
Ynt:E_ent or ent:E_ynt
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3-4 The Strain Tranformation
* Equations for Plane Strain

Plane strain: g, = v,, = v, =0

y B4

dn sin 6

dy=

dx =dn cos 6 —

(OB'Y =(0C'Y +(CB'f - 2(0C’)(C'B’)cos[% + }/ij

[+, )an] = [+ &) + [1+2, iy~ 2+ e )+ e, iy ]-sinv,

p.130

Strain Transformation for Normal Strain

[W+e,)dnf =[(+e, )ix + [+ sy)dy]z —fa+e )ox]a+ Sy)qu_Sin yxy]

dx = dncosh dy = dnsin

g 3 o
@+ sn)z(éxQz =1+ sX)Z(BQ)Z cos? 9+(1+sy)2(5‘insin2 0+ L — :
2(3%{22 sin0cosO(L+ ¢, 1+, Jsiny,,

For small strains:

el <<e siny =y neglect higher
order terms
1+2¢, = (1+2¢,)cos? 0+ (1+2¢, )sin® 0 + 2y, sinOcos O
1-cos26 1 +cos26
S8 = coff B =
g, =€,005" 0+¢,sin’0+y, sin6coso o2 &
_ g T €, . €,

°y c0S260 + Ty sin 20
2 2 2
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P Strain Transformation for Shearing

Strain
ol y
j‘\'\\ i n;b
W\ , e,
DA LN o
N\ =T \
\ | ; .
W E+}/Xy \
R I‘ \
T L,
(@] N
OBI BIC|

sin ZOC'B' _ sin ZB'OC’

B'C'sin ZOC' B'= OB'sin /B'OC' 2%

(s, )aysin| 25, | (L, ansin 0+, -

131
P Strain Transformation for Shearing

Strain |
L+ Sy)dySin(ngvxy) =(1+¢,)dnsin(0+ (¢, —)) q)/\ A
=cosy, =1 | \
sin(0+ (¢, —y)) =sindcos(¢, —y)+cosOsin (4, -y ) ;sin‘9+(¢n —w)éose
=1 =¢, -y
(L+e dy=@+e, )ﬁQ[sin 0+ (¢, —w)cos 6] 5 7” 1

dy =dn sin 6

| c |

= dNsin 0 -

n V/) —dx
(Sy —&, )Sin9 = ((I)n _W)Cose+8n(¢n _\V)Cose = ((I)n _W)Cb&e
= (5v -¢,008"0—¢,sin*0 -y, sin ecosa)sin 0 sifr + cofr= 1

=—£,5in 0c0s* 0 + ¢, sin 0 cos™0 -y, sin 0 cOsg

0
=dn cos © J

¢, = (e, —¢,)sinBCcos O -, sin> 0+

10
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i Strain Transformation for Shearing Strain

¢, = (&, — &, )sinOcosB v, sin” O+ y

T
=0 0+—
o =4{0+7]
R T TT R T
=—(g,. —g,)sin| O+=|cos| O+—=|—v. sin? 0+= |+
e-e)) [+2j ( 2) Vo L ZJ v
= (&, — &, )cos@sin B —7,, cos? B +

Yt :¢n_¢t
=—2(&,—¢,)cos@sin 6+, (cos’ 0—sin’ 0)

X

=—(&,~¢,)sin20+y, cos20

Y

y
Vu =—(&,—&,)sin20+y,, cos 20

X y

p.133

Sign Convensions

m Tensile strains : +, compressive strains :

m Shearing strains :

m Angle 6

T
m (n, t, z) axes have the same order as the (x,y,z) axes.

Both sets right-hand coordinate system.

11



* Stress vs. Strain Transformation

{ o, =0,c0s*0+0,sin” 0+21, sin6CcosO

£,=€,005 0+¢,sin*0+y,sin0bcosh

T, =—(ch—cy)sinecose+rxy(cosze—sinze) —
v =20, —sy)cos 0sin 9+yxy(cos2 0—sin? 6)

YZ—“‘: (e, —ay)cosesin 6+\%(cosze—sin2 9)

p.135

Shearing Strains

m Similar to the case of plane stress

Ty

21,
tan 20, = Y tan26, =

* 3-5 Principal Strains and Maximum
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Remarks

lane strain:

max. &1 &y, €, 0

max. Yp; - €= p2r £ 0, €y =0
m The plane of the maximum vy, bisect the planes of ¢, and ¢,
g3=¢=0 g3=¢,=0

p.136

Example Problem 3-5(I)

Given: g =+1200p &, =—600u v, =+900u

y =

Flnd 8p]_a 8p21 Ymax = ’)

_ [1200 + 2(— 600) , \/(1200 —(- 600))2 . ( % )2 ]X 10

=[300+1006.2]x10°°

g, =1306p g, =-706p ¢

ceCp =

13
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Example Problem 3-5(1I)

£, =1306p £,=-706u ¢&,=¢,=0
tn20, = =90 ___g500
e —g, 1200—(-600)
0, =13.285°=13.28° — g, =1306 ,:\'1} 1306y
706y

0,, =0, +90°=103.28° — g,, =706

g, =€,€0s” B+¢, sin*H+v, sinOcosO
=1200-cos?(13.285°) —600-sin?(13.285°)
+900-sin(13.285°) - cos(13.285°)
~1306.2 1

p.137

Example Problem 3-5(1I1II)

2 2 y
ol y
L G
2 ) \z S
2 2
= iz\/(lZOO—(—GOO)) +(920j x107° = 42012 u

2

58.3° = 13.28°+ 45°

Cey, <0<e, Ve =¥, =12012 p=+20104

0, =13.285°+45° = 58.285° or —31.715° @

Y =—2(&,—&,)sinOcos O +y, (cos? @ —sin’ §)
= —2(1200+ 600 ) sin(58.285° ) cos(58.285°)
+900[cos %(58.285°) —sin?(58.285°)]

14



p.138

Example Problem 3-6 (I)

&, =+720u &, =+520u Yy =1+480u

Spll 8p2! Ymax = ?

2 2
g, +¢ g, —¢ Y
€€ = 2 yi\/( 5 y] +( ;]
2 2
_ 720+520i 720-520 N 480 <107
2 2 2

=[620+260]x10°

€, =880n €,=360pn ¢,=¢,=0

pL —
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Example Problem 3-6 (II)

AT

2 2
:2\/(7202520) +[4goj x107° =520u

C0<e, <ey €, =880n g,=360pn ¢g,=¢,
Yo =€, —0=8801
tan20, =10 =0 5400

e —e, 720-520

X y

0,=33.69°=33.7°

=g :O
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p.140

C, <€,
2 2
c,+0 6,—0C

[Gn— 5 yj +T§t=£ 5 yj + Ty G, <€,

G, <>¢

2 2 2 2 y y

T IR SR
Ty <—>?xy
Circle : center (gn, Yzmj:[ax;ay , Oj T, (_)V_gt

Example Problem 3-6 (III)

3-6 Mohr’s Circle for Plane Strain

" 2 2
radius Re B8] oY
2 2

16
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*};@#\ohr’s Circle for Plane Strain

AN

-~

y

[ S e

0

p.141

* Plot Mohr’s Circle for example problem 3-5

g, =+1200u

&, =-600u

Yy = 19004

EtEy 1200 — 600

2 2
=300p

=10064

Try to plot example 3-6 by yourself!
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i 3-7 Strain Measurement and Rosette

m Strain Measurement:
Strain gages mounted on a free surface
Gy Tuzs Ty, = 0
€0 &1 &1 Ty £ 05 Vo, Yy=0

L+si 4B (L+8,5 ¥ =(L+du) +(dv) +(dw)
\k"’//
A/ 218,548,

A iil’_ g =£% 2L (du)+ (du)’ +(dv)’ + (dw)’

neglect 2nd order terms

u+du i
X
/ S =dU

p.142

i 3-7 Strain Measurement and Rosette

m Normal strain along AB = §,g/L is not affected by

out-of-plane displacement (dv ). |

m None of in-plane strain are affected (dw). | E;ﬂ i
" %2%47%@%79n% /

Vu =—(&,—2,)sin20+y,, cos 20

are valid for both plane strain and plane stress states.

m Planestress: &, =¢,, = -1V (2,+2,) (section 4-3)
%
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p.144

£,=¢,005°0,+¢,8in"0,+y,5in0,cosh,

£, =6,C08° 0, +¢,sin" 0, +y, sinB cosh, = ¢

Strain Gage — Measure Normal Strain

0.001 ing

electrical
resistence
changes

Strain Rosettes (1)

a

6,
N \eb \\ a
|

xSy Ty

g, =¢,005°0, +¢,sin"0 +7,sin6 cosh,

19
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Strain Rosettes (II)

p.145
i Example Problem 3-7 (I)
&, =+1000u
& =+750u
&, =—0650u

8p1’ 8p2! Ymax = ?

Gage a

Figure 3-19

€, =+1000u (measured) = ¢,
€5 = —650p =1000p c0s*60°+ ¢, 5in*60°+y, sin60°c0560°

o
1

a

€

£y = €y = 7500 =1000p c0s”120°+ ¢, 8in*120° +y,,5in 120°¢05120°

20
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Example Problem 3-7 (II)

g, =—266.70 Y,y = 161661

2 2
g, +¢e €, —¢ Y
__X y X y Xy

2 2
:[1000—2266.7i\/(1000-;266.7] +(—16216.6J }(105

=[366.7£1026.9]x10°°

£, =13%u &, =-660u

p2 —

6, =€, = —ﬁ(ax +e,)= —1]_/]?;3(1000u—266.7u); 367y

p.146

Example Problem 3-7 (III)

&y, =-660p < ¢, =-367Tp < ¢, =13%4y

Vax =7 = Ep — &y =1393.6+660.24 = 2053.81 = 2050

tan20, =% = 10100 _ ;o763
e,—¢, 1000+266.7
)/’
0, =-25.96°=-26.0°
660
/ 1394y
Figure 3-21

21
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3-10,
3-93,

8 Exercises
3-26, 3-36,
3-57, 3-66,

3-46,
3-77
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