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3-2 Displacement, Deformation, 
       and Strain 

 Displacement 

 a vector indicating the movement of a point with respect 

to some coordinate system. 

 rigid body motion 

 deformation  

A 

displacement 

B 

B’ 

A’ 

p.121 

3-2 Displacement, Deformation, 
       and Strain 

 Deformation 

 Change of size and/or shape of a body. 

Note: The elongation induced by the same load may be different.  

          Need a quantitative measure of the “intensity of  deformation”.  

p.122 
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3-2 Displacement, Deformation, 
       and Strain 

 Strain 

 Deformation per unit length (Intensity of a 

deformation) 

 normal strain e 

 shearing strain g   

 Axial Strain  

p.123 

L

n
avg


e 
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 
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L
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Local point P 

3-2 Displacement, Deformation, 
       and Strain 

 Shearing Strain  




g tan
L

s
avg

Note: Usually s/L < 0.001, tan  sin  .  

           g : decrease in the angle between two reference lines 

     that are orthogonal in the undeformed state. 
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 sin   
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3-2 Displacement, Deformation, 
       and Strain 

 Units of Strain : dimensionless 

 Normal strain:  m/m (or mm/m) 

 Shear strain:  rad (or m-rad). 

 Sign Convention for Strains  

 Normal strain:  

 elongation :   +    tensile strain 

 contraction :      compressive strain 

 Shearing strain 

         decreases : +  

p.124 

Example Problem 3-1 

d = 0.50 in 

d = 1.00 in 

2.00 ft 

8.00 ft 

mm 50.58 in 0230.0in 02304.0)12)(2)(10(960 6 e LavgC

mm .in .in .in .CtotalE 4390017280023040040320  

mm/mm 240in/in 240)10(240
)12(6

01728.0 6 mm


e 

L

E
E

p.124 

 Center = ? 

 eEnd = ? 

Find: 

eavg)center= 960 m in/in 

total = 0.04032 in 

Given: 
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Example Problem 3-2 

1000 m/mavgg m

Determine 

 Displacement of A = ? 

p.125 

61000(10 )(10)mm 0.01 mm 10 mA avg L g m   

Example Problem 3-3 (I) 

eDE  0.0006 in/in 

 Determine 

 AB  ?  eAB  ? 

 AB = ? if there is a 0.001 in clearance in the connection 

    at B between bar AB and CF. 

p.125 
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LBAABBAAB 

Example Problem 3-3 

p.125 

jviuBB BB
ˆˆ

A 

L 

LuvL BBAB  22)(

22222 22 BBBABAB uvLvLLL 

Neglect squares of small displacements,  

222 22 BBBABAB uvLvL 

BAB v
EDE vSimilarly,  

Example Problem 3-3 (II) 

0.0006(3ft)(12in/ft) 0.0216 in  DE DE DEL e

8 8
(0.0216in) 0.0576 in

3 3
  AB DE 

0.0576
0.001200 in/in 1200 in/in

4(12)

AB
AB

ABL


e m   

p.125 

DE 

 Determine 

 AB  ? eAB ?  
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Example Problem 3-3 (III) 

8 8
 clearance (0.0216) 0.001 0.0566 in

3 3
AB DE     

0.0566
0.001179 in/in 1179 in/in

4(12)

AB
AB

ABL


e m   

p.126 

DE 

 Determine 

 AB  ? eAB ?  

3-3 The State of Strain at a Point 

p.129 
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 Strain components associated with the Cartesian 
coordinates  

dz

d

dz

dzzd

dy

d

dy

dyyd

dx

d

dx

dxxd

z
z

y

y

x
x





e





e





e

3-3 The State of Strain at a Point 

p.129 

(1 )

(1 )

(1 )

x

y

z

dx dx

dy dy

dz dx

e

e

e

  

  

  

zxzx

yzyz

xyxy




g




g




g

2

2

2

zxzx

yzyz

xyxy

g




g




g




2

2

2

dn

d

dn

dnnd n
n





e

ntnt 


g
2

 Normal strain associated with a line in direction n 

 

                                              or 

3-3 The State of Strain at a Point 

 Shearing strain associated with two orthogonal lines in 
directions n and t 

 

                                        or 

 dnnd ne 1

ntnt g


 
2

p.130 
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3-4 The Strain Tranformation     
       Equations for Plane Strain 

Plane strain: ez = gzx = gzy = 0 

         









xyBCCOBCCOBO g


2
cos2

222

              xyyxyxn dydxdydxdn geeeee sin112111
222

p.130 

Strain Transformation for Normal Strain 

              xyyxyxn dydxdydxdn geeeee sin112111
222

 c o sd nd x  s ind nd y

    geee cossin2sin21cos2121 22

xyyxn

e e 2 ggs inFor small strains: 


g


ee


ee



geee

2sin
2

2cos
22

cossinsincos 22

xyyxyx

xyyxn

neglect higher 

order terms 

p.130 

           

     xyyx

yxn

dn

dndndn

gee

eee

sin11cossin2

sin1cos11

2

22222222



10 

Strain Transformation for Shearing 
Strain 

''sin

''

''sin

'

OCB

CB

BOC

OB






''sin'''sin'' OCBOBBOCCB 

     1 sin 1 sin
2

y xy n ndy dn


e g e   
 

      
 

xyg



2

p.131 

 
gee

geee

cossincossincossin

sincossinsincos

222

22

xyyx

xyyxy





( )n   
s ind n

  n1

      sin sin cos cos sinn n n             

1c o s  xyg

      e







g


e nnxyy dndy sin1

2
sin1

      ee cossin11 nny dndy

        eee coscoscossin nnnnny

  gee 2sincossin xyyxn

p.131 
Strain Transformation for Shearing 
Strain 

 sin cosn     

xyg



2



11 

  gee 2sincossin xyyxn

 

  gee








 
g







 








 
ee








 


2

2

cossincos

2
sin

2
cos

2
sin

2

xyyx

xyyx

t

   

 

2 22 cos sin cos sin

sin 2 cos 2

nt n t

x y xy

x y xy

g  

e e   g  

e e  g 

 

    

   

p.132 

Strain Transformation for Shearing Strain 

xyg



2

 sin 2 cos2nt x y xyg e e  g    

 Tensile strains : +,  compressive strains :  

 Shearing strains : 

 

 

 

 Angle  

 

 

 (n, t, z) axes have the same order as the (x,y,z) axes. 

Both sets right-hand coordinate system. 

 

Sign Convensions 

y 

n 

x 

t 

 :  

y 

n 

x 

t 

 :  

y 

x 
+ 

y 

x 
 

p.133 
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Stress vs. Strain Transformation 

   geeg 22 sincossincos2 xyyxnt

geee c o ss ins inc o s 22

x yyxn

 cossin2sincos 22

xyyxn

    22 sincoscossin xyyxnt

   
g

ee
g 22 sincos

2
sincos

2

xy

yx
nt

2

2

nt
nt

xy

xy

yy

xx

nn

g


g


e

e

e

    22 sincoscossin xyyxnt

3-5 Principal Strains and Maximum  
       Shearing Strains 

 Similar to the case of plane stress 

yx

xy

p





2
2tan

2

2

2 2

x y x y

p xy

   
 

  
   

 

2

2

2
xy

yx

p 






 


yx

xy

p
ee

g
2tan

22

222 






 g








 ee


ee
e

xyyxyx

p

22

222 






 g








 ee


g xyyxp

p.135 
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Remarks 

 Plane strain: 

 max. en :   ep1 , ep2 , 0   

 max. gnt  :  

 The plane of the maximum gnt  bisect the planes of emax and emin 

 

0   , 0    , 2121 eeee pppp

p.136 

Example Problem 3-5(I) 

p.136 

mgmeme 900       600       1200 xyyx

0      706    1306 
321

eememe
zppp

Given: 

 ep1,  ep2, gmax = ?  Find: 

   

  6

6

22

22

21

102.1006300

10
2

900

2

6001200

2

6001200

222
 ,





































 












 g








 ee


ee
ee

xyyxyx

pp
Sol: 
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Example Problem 3-5(II) 

p.137 

 
500.0

6001200

900
2tan 




ee

g


yx

xy

p

me  1306     28.13285.13 11 pp

me  706     28.10390 212 ppp

m





geee

 2.1306

)285.13cos()285.13sin(900   

)285.13(sin600)285.13(cos1200

cossinsincos

22

22

xyyxn

1 2 3 1306     706       0p p p ze m e m e e    

m

geeg

 .

)].(sin).([cos   

).cos().sin()(

)sin(coscossin)( xyyxnt

52012

2855828558900

285582855860012002

2

22

22









Example Problem 3-5(III) 

p.137 

 
m

ee
g

 

xyyx

p

201210
2

900

2

6001200
2

22
2

6

22

22

















 


















 




12 0   pp ee max 2012 2010    pg g m m
= 13.28º + 45º 

13.285 45 58.285   or  31.715g       



15 

Example Problem 3-6 (I) 

p.138 

720           520           480x y xye m e m g m     

 ep1,  ep2, gmax = ?  

  6

6

22

22

21

10260620

10
2

480

2

520720

2

520720

222
 ,





































 












 g








 ee


ee
ee

xyyxyx

pp

0      360    880 321 eememe zppp

Example Problem 3-6 (II) 

p.138 

m















 









 








 ee
g

 52010
2

480

2

520720
2

22
2

6

22

22

xyyx

p

120   pp ee

meg 88001max p

400.2
520720

480
2tan 




ee

g


yx

xy

p

 7.3369.33p

0      360    880 321 eememe zppp
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Example Problem 3-6 (III) 

p.138 

3-6 Mohr’s Circle for Plane Strain 

p.140 

2

2

2

2

22
xy

yx

nt

yx

n 






 








 


Circle :  center  

              radius 








 ee








 g
e 0  , 

22
  , 

yxnt
n

22

22 






 g








 ee


xyyx
R

2222

2222 






 g








 ee








 g








 ee
e

xyyxntyx

n

2

2

nt
nt

xy

xy

yy
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3-6 Mohr’s Circle for Plane Strain 

p.141 

y 

x 
+ 

y 

x 
 

Plot Mohr’s Circle for example problem 3-5 

1200   

600

900

x

y

xy

e m

e m

g m

 

 

 

m

gee

1006

22

22



















 


xyyx
R

m

mm


ee

300

2

6001200

2

yx

Try to plot example 3-6 by yourself! 

p.141 
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3-7 Strain Measurement and Rosette 
 Strain Measurement: 

 Strain gages mounted on a free surface 

 z, xz , yz  0 

  ex, ey , ez , gxy ≠ 0,  gzx , gzy   0 

       2222
dwdvduLL AB 

       2222

22

2

2

dwdvduduLL

LL ABAB





duAB 

neglect 2nd order terms 

p.142 

 Normal strain along AB = AB/L is not affected by 

 out-of-plane displacement (dv ). 

 None of in-plane strain are affected (dw). 

   

 

 are valid for both plane strain and plane stress states. 

 Plane stress:                                                (section 4-3) 

3-7 Strain Measurement and Rosette 

p.142 

 3 -
1-

z p x y


e e e e


  

 sin 2 cos2nt x y xyg e e  g    

cos2 sin2
2 2 2

x y x y xy

n

e e e e g
e  

 
  
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Strain Gage – Measure Normal Strain 

p.143 

0.001 in 

electrical 

resistence 

changes 

Strain Rosettes (I) 

p.144 

aax yayaxa geee c o ss ins inc o s 22

bbx ybybxb geee c o ss ins inc o s 22

ccx ycycxc geee c o ss ins inc o s 22

ex,  ey , gxy 
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p.144 

Strain Rosettes (II) 

Example Problem 3-7 (I) 

p.145 

me

me

me

650

750

1000







c

b

a

 ep1,  ep2, gmax = ?  

xa emee  ( m e a s u r e d )  1 0 0 00

gemmee 6 0c o s6 0s in6 0s in6 0c o s1 0 0 06 5 0 22

6 0 x yyc

gemmee 1 2 0c o s1 2 0s in1 2 0s in1 2 0c o s1 0 0 07 5 0 22

1 2 0 x yyb

x 
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p.145 

  6

6

22

22

21

109.10267.366

10
2

6.1616

2

7.2661000

2

7.2661000

222
 ,




























 








 












 g








 ee


ee
ee

xyyxyx

pp

     pp meme 6601394 21 

Example Problem 3-7 (II) 

mgme 6.1616              7.266 xyy

    mmm


ee



ee 3677.2661000

311

31

1
3 yxpz

p.146 

mememe 1 3 9 4    3 6 7    6 6 0   132 ppp

mmmmeegg 20508205326606139321  ...pppmax

2763.1
7.2661000

6.1616
2tan 






ee

g


yx

xy

p

 0.2696.25p

Example Problem 3-7 (III) 



22 

8 Exercises 

3-10,  3-26,  3-36,  3-46, 

3-53,  3-57,  3-66,  3-77 

 

 

 

 


