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5-2 Deformation of Axially Loaded       
       Members 

 Uniform Member 

 Multiple Loads/Sizes 
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Example Problem 5-1 (I) 

 Solid aluminum bar A 

 d = 100mm 

 E = 73 Gpa 

 Brass tube B 

 do = 150mm, di = 100mm 

 E = 100 Gpa 

 Steel pipe C 

 do = 200mm , di = 125mm 

 E = 210 Gpa 

p. 191 

 Determine total = ? 

Example Problem 5-1(II) 

p. 191 

650 0 650 kN 650 kN (C)

650 850 0               1500 kN 1500 kN (C)

650 850 1500 0 3000 kN 3000 kN (C)

A A

B B

c C

F P P

F P P

F P P
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Example Problem 5-1 (III) 

p. 191 

 

   
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mm 60.3mm 6034.3
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
CBA

Example Problem 5-2 (I) 

p. 192 

Determine  

 max = ? 

 AB = ? 

 BC = ? 

 AD = ? 

 

 Yokes (軛) B and C :  

 rigid 

 Steel bar AD 

 A = 2 in  2 in  

 E = 30,000 ksi 
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Example Problem 5-2 (II) 

p. 193 

(T) ksi 5.20
4

82max
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





in 0776.0in 07760.001800.000600.006560.0 


CDBCABAD

 Determine  

 max = ? 

 AB = ? 

 BC = ? 

 AD = ? 

Example Problem 5-3 

p. 193 

 Homogeneous bar  

 W, L, A, E 
 

 Determine  = ? 
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Example Problem 5-3 

p. 194 

Find: b  = ? for an applied P at the end 

P 

Method of superposition is applicable 

for linear problems 

Sol: 

Given: 













P
W
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L
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22





EA
k

F kx

L

For your reference, 

Example Problem 5-4 (I) 

 Steel bar 

 E = 200 Gpa 

 Area = 30  30 mm 
 

Determine 

  = ? 

 x, y, txy, on element A = ?  

p. 194 

=180 kN 
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Example Problem 5-4 (II) 

p. 194 

  
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Example Problem 5-4 (III) 

p. 195 

The bar is subjected to an axial load. 

m/m 100000100.0
10200

10200
9

6





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
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m/m 300)1000(3.0  xy

m/m 300)1000(3.0  xz

The bar is subjected to an axial load only, no shearing 

force exists. 

rad 0 
t


G

xy
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5-3 Deformations in a System of 
       Axially Loaded Bars 

p. 201 

 Unknowns:  

 PAB , PBC , PBD 

 Equations 

 Fx = 0 

 Fy = 0 

statically 

indeterminate 

Another Eq. is need  

(compatibility) 

p. 202 

Compatibility of Strains 

  LxyL
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y
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AB 
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x
BD

Similarly, 
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Compatibility of Strains 

p. 203 

    RyRxR
BC


22

sincos

222

22222

sin2sin

cos2cos2

yRyR

xRxRRR
BCBC









cossin

cossin

BDAB

BC
xy

Example Problem 5-5 (I) 

p. 203 

  AAB = 650 mm2 

  ABC = 925 mm2 

  E = 200 GPa 

 

Determine 

 AB , BC = ? 

 AB , BC = ? 

 h , v at B = ? 

 AB , BC = ? 
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Example Problem 5-5 (II) 

p. 203 

50 sin 42.61 73.85 kN (C)

50 tan 42.61 54.36 kN (T)

BC
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F

F

  

  

 
 

 

 
 

  (C) MPa 8.79N/m 1084.79

10925

1085.73

(T) MPa 6.83N/m 1063.83

10650

1036.54

26

6

3

26

6

3















BC

BC

BC

AB

AB

AB

A

F

A

F

FAB 

FBC 

50kN 

  AAB = 650 mm2 

  ABC = 925 mm2 

  E = 200 GPa 

 

 

 

Example Problem 5-5 (III) 

p. 204 
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Example Problem 5-5 (IV) 

p. 204 

mm 0.523mm 5227.0 
ABh

mm 3847.0

61.42cos5227.061.42cos




AB

a

sin 42.61

0.6782 0.3847 1.0629

BC

v v

v v

ab a 

 

 


  


 

mm 570.1

mm 5700.1
61.42sin

0629.1







v

Example Problem 5-5 (V) 

p. 205 








0.0720rad 001256.0

1250

570.1
tan

AB

v

ABAB
L











0.0509rad 000889.0

12501150

61.42cos5700.161.42sin5227.0

61.42cos
tan

22

BC

v

BCBC
L

c

0.5227mm 

1.5700mm 
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5-4 Statically Indeterminate Axially  
       Loaded Members 

p. 209 

 Statically determinate (靜定) 

 Equilibrium eqs. = unknowns (no. of member force + 

reactions) 

 Statically indeterminate (靜不定) 

 No. of equilibrium eqs. < unknowns (no. of member force 

+ reactions) 

p. 209 

 Procedure 

 Draw a free-body diagram. 

 Note the number of unknowns involved. 

 Note the number of independent equations. 

 If no. unknowns > no. equil. eqs.  stat. indeterminate 

   Write deformation equations. 

 Solve equilibrium (and deformation if needed) equations. 

 

 Assumption 

 The body is rigid when solving the equilibrium equations 

 

5-4 Statically Indeterminate Axially  
       Loaded Members 
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Example 

p. 210 

 Condition 1 

 Cable rigid 

 Condition 2 

 Cable deformable 

Condition 1  Cable Rigid 

p. 210 

  0WaTRM
B

R

Wa
T 

R 
a 
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p. 210 

Condition 2 - Cable Deformable 

  0cosWaTRM
B

 cos
R

Wa
T

EA

TL





cos
R

Wa
T

L

EA

 R

2 cosR EA WaL 

Solved by iterations 

a 

R 

Example – W = 100 lb, a = 30 in, R = 15 in 

p. 211 

Case   º ) T ( lb ) 
%D =100 % 

× (Trigid-T)/T 

rigid cable 0 200 0 

steel cable  

d = 3/32 in. 

E  29,000 ksi 

0.1717 199.999 0.0005% 

aluminum cable  

d = 3/32 in. 

E  10,600 ksi 

0.4698 199.993 0.0035% 

error acceptable, cable can be assumed rigid 
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Example Problem 5-7 (I) 

p. 212 

 Concrete pier  

 E = 30 GPa 

 Steel bars (25mm f)  

 E = 200 GPa 

 P = 650 kN 

Determine 

 C (concrete) = ? 

 R (steel) = ? 

  pier) = ? 

Example Problem 5-7 (II) 

p. 212 

0  PPPF
CRy

CR


CC

CC

RR

RR

AE

LP

AE

LP


   22
mm 441825

4
9 

R
A

  22
mm 080,584418250 

C
A

 
   

 
   6969 10080,581030

600.0

10441810200

600.0


 CR
PP

CR
PP 5071.0

equilibrium 

deformation 
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Example Problem 5-7 (III) 

p. 213 

 

  (C) kN 314N 103.431

(C) kN 219N 107.218

3

3





C

R

P

P

 
 

 
 

(C) MPa 43.7 
10080,58

103.431

(C) MPa 5.94 
104418

107.218

6

3

6

3









R

R

C

R

R

R

A

P

A

P

  
 

mm 1485.0
10200

600.0105.49
9

6





R

RR

RC
E

L

  010650 3 
CR

PP

CR
PP 5071.0

Example Problem 5-8 (I) 

p. 214 

 Plate C : rigid 

 Steel Rod A  

 E = 30,000 ksi 

 A = 0.800 in2 

 Aluminum alloy pipe B 

 E = 10,000 ksi 

 A = 3.00 in2 

 P = 20 kip 

 

Determine: 

 A = ? 

 B = ? 

 C = ? 



17 

Example Problem 5-8 (II) 

p. 214 

020 
BAy

PPF

BA


B

BB

R

AA

E

L

E

L 




   
000,10

20

000,30

10
BA






BA
 6

equilibrium 

deformation 

2000.3800.0 
BA

Example Problem 5-8 (III) 

p. 215 

2000.3800.0 
BA

BA
 6

(C) ksi 56.2ksi 564.2

(T) ksi 38.15ksi 384.15





B

A

 
)(in  00513.0

000,30

10384.15





A

AA

BA
E

L
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Example Problem 5-9 (I) 

p. 216 

 Member CD : rigid 

 Aluminum alloy bar A  

 E = 75 GPa 

 A = 1000 mm2 

 Steel bar B  

 E = 200 GPa 

 A = 500 mm2 

 

 

Determine: 

 A = ? 

 B = ? 

 D = ? 

Example Problem 5-9 (II) 

p. 216 

5.14

BA





BB

BB

AA

AA

AE

LF

AE

LF

5.14


 
    

 
    6969 10500102005.1

5.1

10100010754

2


 BA
FF

BA
FF 5.1

5 4 1.5 0C A BM P F F    

 3107505.14 
BA

FF

D 
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Example Problem 5-9 (III) 

p. 217 

BA
FF 5.1

 3107505.14 
BA

FF  

  kN 0.100N 100.100

kN 0.150N 100.150

3

3





B

A

F

F

 
 

 
 

(T) MPa 200 
10500

100.100

(T) MPa 0.150 
101000

100.150

6

3

6

3









B

B

B

A

A

A

A

F

A

F

   
 

   


   mm 00.5m 10000.5
754

2100.1505

4

5

4

5 3

6

A

AA

AD
E

L

Example Problem 5-10 (I) 

p. 217 

 Alloy-steel bolt   

 E = 30,000 ksi 

 d = 1/2 in 

 Cold-rolled brass sleeve 

 E = 15,000 ksi 

 A = 0.375 in2 

 Tightening nut ¼  turn (0.02 in.) 

Determine:  

 B = ? 

 S = ? 

http://en.wikipedia.org/wiki/Rolling_(metalworking)
http://en.wikipedia.org/wiki/Rolling_(metalworking)
http://en.wikipedia.org/wiki/Rolling_(metalworking)
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Example Problem 5-10 (II) 

p. 218 

0 
BSx

FFF

BS











2

2

1

4
375.0

BS
 523.0

 Alloy-steel bolt   

 d = 1/2 in 

 Cold-rolled brass sleeve 

 A = 0.375 in2 

Example Problem 5-10 (III) 

p. 218 

S B   







S

SS

B

BB

E

L

E

L

   
020.0

000,15

6

000,30

6





 SB

1002 
SB

deformation 

(C) ksi 6.25ksi 58.25

(T) ksi 8.48ksi 84.48





S

B

Before  

tightening 

After  

tightening 

After tightening 

(without sleeve) 

After tightening 

(with sleeve) 

After tightening 

(sleeve) 

BS
 523.0
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5-5 Thermal Effects 

p. 225 

LL
TT 


total

L
E

LT


   0

for fixed ends. 

Thermal induced stress 

Example Problem 5-12 (I) 

p. 226 

 Member CD : rigid 

 Aluminum alloy bar A  

 E = 75 GPa 

 A = 1000 mm2 

  = 22(10-6)/ºC 

 Steel bar B  

 E = 200 GPa 

 A = 500 mm2 

  = 12(10-6)/ºC 
 

Determine 

 A , B = ? 

 D = ? 

T = 100ºC 
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Example Problem 5-12 (II) 

p. 227 

5.14

BA





 3107505.14 
BA

FF

5.15.144

TL

AE

LFTL

AE

LF
BB

BB

BBAA

AA

AA







5 4 1.5 0C A BM P F F    

BTBPB

ATAPA





Example Problem 5-12 (III) 

p. 227 

 
    

   

 
    

   
5.1

1005.11012

10500102005.1

5.1

4

1000.21022

10100010754

0.2

6

69

6

69













B

A

F

F

 310155.1 
BA

FF

5.15.144

TL

AE

LFTL

AE

LF
BB

BB

BBAA

AA

AA






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Example Problem 5-12 (IV) 

p. 227 

 3107505.14 
BA

FF  

  kN 00.92N 1000.92

kN 00.153N 1000.153

3

3





B

A

F

F

 
 

 
 

(T) MPa 0.184 
10500

1000.92

(T) MPa 0.153 
101000

1000.153

6

3

6

3









B

B

B

A

A

A

A

F

A

F

   

 
    

   

6

6

3

150.0 10 2.05 5 5
[ ] [ 22 10 2.0 100 ]

4 4 4 75

10.60 10  m 10.60 mm 

A A
D A A A

A

L
L T

E


   



     

  

 310155.1 
BA

FF

Example Problem 5-13 

p. 228 

 Steel rod A  

 EA = 30,000 ksi 

 AA = 2.50 in2 

 A = 6.6(106)/ºF 

 Member C : rigid 

 Bronze bar B  

 EB = 15,000 ksi 

 AB = 3.75 in2 

 B = 9.4(106)/ºF 

 BC = 0.015 in. 

 P = 5kip 

Given: 

Find: 
A , B as a function of temperature 

increase for    0F < T < 50F 

Please do by yourself!! 
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5-6 Stress Concentrations 

p. 234 

 Discontinuity that interrupts the stress path (stress trajectory) 

 → Stress concentration 

(by Igor Kokcharov) line concentrated  

  ↗ 

magnitude 

Stress Concentrations by 
 Photoelastic experiments 

www.physics.montana.edu 

www.ndt.net/article/v08n09/asundi/fig15.jpg  
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Stress Concentration factor 

p. 235 

 Stress Concentration Factor K 

A

P
K

nominal stress maximum stress 

 Ascertaining K is based on 

 A = At (net section) for K = Kt  

 A = Ag (gross section) for K = Kg  

A wide plate under uniform 
unidirectional tension 

p. 236 












t























































2sin
32

1
2

2cos
3

1
2

1
2

2cos
34

1
2

1
2

4

4

2

2

4

4

2

2

4

4

2

2

2

2

r

a

r

a

r

a

r

a

r

a

r

a

r

a

r

r

 

0

2cos21

0

t









r

r

At r = a 

at    = 0, 

max.  = 3 
K = 3 

From elasticity theory: 

A

P
K
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p. 236 

 At r = 3a (1 diameter away from hole),    1.074   

 rapid decay 

 Stress concentration factor is significant for 

 brittle material under static loading 

 any material under impact or repeated loading 

 Saint-Venant’s principal 

 In the regions of support and load application, the stress 

distribution varies from the nominal value. However, these 

localized effects disappear at a short distance from such locations. 

"... the difference between the effects of two different but 

statically equivalent load becomes very small at sufficiently 

large distances from load." (From Wikipedia) 

A wide plate under uniform 
unidirectional tension (cont.) 

Stress Concentration factors 
for grooves, holes and fillets 

p. 236 

強化玻璃怎麼打也打不破？流言追追追-【實驗精華片段】 

http://www.youtube.com/watch?v=ku0D6KdRAek
http://www.youtube.com/watch?v=ku0D6KdRAek
http://www.youtube.com/watch?v=ku0D6KdRAek
http://www.youtube.com/watch?v=ku0D6KdRAek
http://www.youtube.com/watch?v=ku0D6KdRAek
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Example Problem 5-14 (I) 

p. 237 

 0.4 percent carbon hot-rolled steel  

 Yield strength = 360 MPa (from Appendix B, A43) 

 Thickness = 20mm 

 Factor of safety = 2.5 

 

 Determine Pmax = ? 

MPa 1445.2360 
all

p. 237 

Example Problem 5-14 (II) 

 Fillet 

25.0
60

15
         5.1

60

90


d

r

d

D

62.1
t

K

    

kN 7.106

62.1

10206010144 66









t

tall

K

A
P

[Wikipedia]non-filleted pole (left) 

and a filleted pole (right) 

http://en.wikipedia.org/wiki/File:Fillet.jpg
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p. 237 

Example Problem 5-14 (III) 

 hole 

3.0
90

27


w

d
30.2

t
K

    

kN 9.78

30.2

1020279010144 66











t

tall

K

A
P

Pmax 

106.7 kNall t

t

A
P

K


 

5-9 Thin-Walled Pressure Vessels 

p. 246 

 Boilers 

 Gas storage tanks 

 Pipelines 

 Metal tires 

Why spherical shape? 
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5-9 Thin-Walled Pressure Vessels 

p. 246 

 If t/r << 1 

r 
t 

almost uniform 

 If t/r < 0.1, max < 1.05avg 

 

 Boilers 

 Gas storage tanks 

 Pipelines 

 Metal tires 

Spherical Pressure Vessels 

p. 246 

 Weights of gas and vessel negligible 

 

symmetry 

 symmetry 0   , t
ntnyx
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Spherical Pressure Vessels 

p. 247 

0 PR

22 rprt
a



t

pr
a

2


Cylindrical Pressure Vessels 

p. 248 

 Meridional (子午線的) or axial stress 

       m             or                             a 

  hoop(箍), tangential, or circumferential stress 

 h,             t                 or         c) 
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Cylindrical Pressure Vessels 

p. 248 

 From FBD of hemisphere 

t

pr
a

2


 From FBD of a cylindrical 

section 

2 0

2 2

x

h

P Q

p rL Lt

 



( 2 )h a

pr

t
  

Thin Shells of Revolution 

p. 249 

 Thin shell of revolution 

 generated by rotating a plane curve, called the meridian, 

about an axis lying in the plane of the curve 

 sphere, hemisphere, torus, cylinder, cone, ellipsoid 

 meridional stress m   

 tangential stress t 
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Thin Shells of Revolution 

p. 249 

ttmm
dFdFP  sin2sin2

  

 

 
tmmt

mttm

mmtt

ddtr

ddtr

drdrp







sin22    

sin22     

22

t

p

rr
t

t

m

m 





 equilibrium in the n-direction 

P 

Thin Shells of Revolution 

p. 249 

parallel 

meridian 

x 

y 
 xyy 

2

2

5.1
2

1

dx
yd

dx
dy

r
m




















rm 

 
x 

rt 




cos

x
r

t

 xyy 

Radius of curvature for               ?   
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Thin Shells of Revolution 

p. 249 

 equilibrium of a portion of the vessel above a paraboloid 

0 PR

 cos22

m
xtxp

2P p x

m 




cos2t

px
m

parallel 
x 

t

p

rr
t

t

m

m 





t Subst. into 

 

Example Problem 5-16 (I) 

p. 250 

 di = 1.50 m 

 t = 15 mm 

 P = 1500 kPa 

 

Determine  

 n ,  tnt = ? along the weld 
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Example Problem 5-16 (II) 

p. 250 

    

  
 

  MPa 5.37N/m 105.37
015.02

75.0101500

2

MPa 0.75N/m 100.75
015.0

75.0101500

26

3

26

3





t

pr

t

pr

a

h

    MPa 9.4630sin0.7530cos5.37

cossin2sincos

22

22



t
xyyxn

   

      MPa 24.1630cos30sin0.755.37

sincoscossin 22



tt
xyyxnt

 di = 1.50 m 

 t = 15 mm 

 P = 1500 kPa 

Example Problem 5-16 (III) 

p. 250 

MPa 9.46MPa 88.46               

0sinsincoscos   :0

 


n

hann dAdAdAF

MPa 24.16MPa 238.16               

0cossinsincos   :0

 t

t
nt

hantt dAdAdAF

Alternatively, 

a 

h 

tnt 

n 

 

dA 
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Units of Pressure 

 

 
 1 atm = 760 torr 

 The SI unit for pressure is the Pascal (Pa),  

1 Pa = 1 N/m2 or kg·m−1·s−2  

 

 1 bar (巴) = 105 Pa = 14.504 lbf/in
2.  

 1 atm = 101325 N/m2  ~ 105 Pa ~ 104 mm 

H2O 

 Some meteorologists prefer the hectopascal 

(hPa; hecto : 102) for atmospheric air 

pressure, which is equivalent to the older 

unit millibar (mbar 毫巴).  

From Wikipedia, the free encyclopedia 

  

Blaise Pascal (19 June 1623 – 19 August 1662), a French 

mathematician, physicist, inventor, writer and Christian 

philosopher. 

(one Newton per square metre). 

p. 251 

Example Problem 5-17 (I) 

 t = 1/4 in. 

 y = x2/4 

 p = 250 psi 

 

Determine 

 m , t = ? at y = 16 in. 

A pressure vessel  

http://en.wikipedia.org/wiki/File:Pascal's_Barrel.png
http://en.wikipedia.org/wiki/Isaac_Newton
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p. 251 

Example Problem 5-17 (II) 

 
pp AA
dFdP cos    

2 2 cosmp x xt   

 
  

(T) psi 4120
174412

8250


m

 At y = 16 in. 

4 64 8 in.x y  

8

cot 4
2 x

dy x

dx




  
17

4
cos 

 t = 1/4 in. 

 y = x2/4 

 p = 250 psi 

p. 251 

Example Problem 5-17 (III) 

 At y = 16 in. 

 
in 19.140

2
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1

2

2

2

5.1
2

























dx
yd

dx
dy

r
m

4

2x
y 

2

x

dx

dy

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
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8
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4cos
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t

x
r


  

t

p
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t

t

m

m 




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246.819.140

4123



 t

(T) psi 8000psi 8003 
t

and  

( ) 
17

4
cos 
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5-11 Design  
(Modes of failure and Factor of Safety)  

 Failure: a member or structure no longer functions as 

intended 

 Modes of Failures depends on material, load 

conditions, …  

 Elastic failure – excessive elastic deformation 

Significant property: E,  

 Yielding (slip failure) – excessive plastic deformation 

Significant property: yield strength, yield point 

p. 264 

5-11 Design 

 Modes of Failures 

 Creep failure – excessive plastic deformation over a  

              long time under constant stress 

E.g. machine under high , T 

Significant property: creep limit 

 Fracture – complete separation of the material 

E.g. brittle material, crack, flaw, repeated loading 

Significant property: ultimate strength 

 Mathematical Analysis 

 Allowable stress design: 

Strength  Stress 

p. 264 
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 Uncertainties 

 Loads – varied, future time 

 Material properties – only test specimen, local defect 

 Stress – model error, non-uniformity 

 Factor of Safety; allowable stress 

 Strength  (Factor of Safety)  (Stress) 

stress computed actural

stress failure
or          

load computed actual

load failure
FS

FS

stress failure
stress  Allowable 

5-11 Design 

p. 265 

 Example: axially loaded rod 

 Given: F, y, FS 

 Find: d 

5-11 Design 

p. 265 

)allowable(2)actual( )FS(
4

yy
d

F

A

F













min)()FS(4 dFd y 

Please Study Example Problems 5-20 ~ 5-23 by 

yourself 
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8 Exercises 

 5-32,  5-72,   5-84,   5-89,  

5-92,  5-104,  5-106  5-142 

 

 


