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6-1 Introduction

Electromagnetic
forces
/

Flange |
cuupling\ 3
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6-1 Introduction

m 1784, Charles-Augustin Coulomb A%

el

L1 e B A

W Emu e v i
A REDg

m 0~ T (experiment)

(a)

i

m 1820, A. Duleau (French)

m 0~ T (analytical)
by assuming:
= plane remains plane

(b)

= diameter remains straight

O for circular shaft

X for other shaft,
warping (#+ ) occurs
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* 6-2 Torsional Shearing Strain

m plane remains plane

m diameter remains
straight

= 0 :angle of twist

m B>B,D>D’
BB’, DD’in the
same plane

B'&Band D & D’
on the same radius

straight shaft of constant diameter

p.278

$ 6-2 Torsional Shearing Strain

3 I ) |
. J et 124 }.h‘\_.
Two torsional angles: ¢and & Bt j/
BB c& small strain | o |||
DD"_ po } P A ;
o ep T LT c p B V= T

valid for elastic or inelastic homogeneous or heterogeneous materials
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P * 6-3 Torsional Shearing Stress

— The Elastic Torsion Formula

t=6y =
B Ky Rt ks (=

J =L p’dA  polar second moment of area

. _C<dA=2mpdp

p.280 _ :
* 6-3 Torsinal Shearing Stress —

The Elastic Torsion Formula

Tc

Tor %l %) 7T
c p T

a

m valid for linearly elastic, homogeneous, isotropic
material (t = Gy)
u Tmax = TC

mT,= 0 at center
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6-4 Torsional Displacements

0= vk (or yp=p@ , iIf T or J varies along L)
0 dL
_Tp T
T J MB, ‘/'AL *'",,,:”“ "
" G | H A
A . ,
y,L tL
Q=P ___p—
= p Gp
TL
0 6=— Comparison:  § — PL
Unit of @
arc length = radius
TL L
6= a E  unit: radian(s), not degree!

1 radian
.

The radian is the standard unit of angular measure. It describes the plane angle
subtended by a circular arc as the length of the arc divided by the radius of the arc.
The Sl unit of solid angle measurement is the steradian.

The radian is represented by the symbol "rad" or, more rarely, by the superscript ¢
(for "circular measure™). For example, an angle of 1.2 radians would be written
as "1.2 rad" or ""1.2¢" (the second symbol is often mistaken for a degree:
"1.2°""). As the ratio of two lengths, the radian is a "pure number" that needs no
unit symbol, and in mathematical writing the symbol "'rad" is almost always
omitted. In the absence of any symbol radians are assumed, and when degrees are
meant the symbol "*°"" is used.

From Wikipedia:



http://en.wikipedia.org/wiki/Angle
http://en.wikipedia.org/wiki/Subtended
http://en.wikipedia.org/wiki/Arc_(geometry)
http://en.wikipedia.org/wiki/Radius
http://en.wikipedia.org/wiki/Solid_angle
http://en.wikipedia.org/wiki/Steradian
http://en.wikipedia.org/wiki/Pure_number
http://en.wikipedia.org/wiki/File:Radian_cropped_color.svg
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* 6-4 Torsional Displacements

m T =T, must be obtained from a free-body diagram.
m If T, G, orJis not constant along the length of the shaft,
5 T.L
0=)
250
or

0= J.L—Tr (x) dx
° G(x)I(x)

p.283

* 6-4 Torsional Displacements

positive outward for T and 8

= Sign convention

T N
T= Tp Direction of zfrom T
=" " positive shear?
I
L Not always consistent!

negative shear?
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Example Problem 6-1 (I)

1S in.-kip

20 in.-kip 10 in.-kip

gl e

(@) ‘

10 in.-kip

55 in.-kip ‘ 1 ’

Determine
Tags Tecs Teps Tpe=7?

Draw a torque diagram.

Example Problem 6-1 (II)

2:11:,-kip§ﬁ ll:“n..‘%\'lp » .\}j o';-i;;

fé; > M=T,,-20=0
D> M =T, —20+55=0

> M =T, -20+55-10=0

D> M=T,,-20+55-10-15=0
T, =+20.0in-kip

Qe T, =-35.0in-kip
T,

oo =—25.0in-Kip ( } (

Tor.
|
5 T, =—10.0in-Kip
20t 10i
Etof Sinkip wp P
=g B c D E
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* Example Problem 6-2 (I)

r; =150 mm

N
(o]
=)
2
=

|

I, =200 mm
G =80 Gpa

T ” \"/» =300 kN
(‘ “ - \__ m - L: 2 m
)

Determine
=7

7,,(inside surface)=?
0="°

p.284
* Example Problem 6-2 (II)

J =g(rg‘ - ri“)zg(zoo‘1 ~150')=17181(10°)m"*

Tc  300(10°)200)10°)

e 17181(10°)

=349 MPa

A
Il
A
Il

Te 30d103X150X10*3) - 262 MPa
J 17181(10°)

L 300(103)(2) —=0.00437rad  (not degree!)
GJ 80(0°)17181)10°)
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* Example Problem 6-3 (I)
Given:
20 kip-ft m G =12,000 ksi
A Find:
T Tmax ~ ?
4 in.
C\L eB/A ?
Sft\J eC/B
eC/A
p.286
& Example Problem 6-3 (II)
> M, =0: -T,;—20+5=0
T,e =—15 kip-ft
T > M, =0: -T.+5=0
| T, =5 kip-ft
g : T =-15kip-ft (,
= e Q Or Alternatively,
g5l Tac= 3 kipf > M, =0: T,-20+5=0

- - e T, =15kip-ft
{;-.'I X

Ty =15 kip-ft ZMX =0: TA—l-TAB =0 ;TAB =-15 klpft

S
—T

wn
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_ T 4 . T [ na . -4
Jie =5 _5(3 )=127.23in. T =15 kip-ft (.
: Ty =5 Kip-ft
Joo =o' =2(2)=25131in* o =Skip-ft
27 2
_>4.24 ksi - 20 kip\Aﬁ -
- Tl _1502B) _ _omnsi Il |
Je 12723 — -~
T 512)(2) - Corrected direction
Toe = —2CEC - = 4,775 ksi — sipo
x i Tac =
T = Toe = 4.775ksi = 4.78ksi A

p.287

Example Problem 6-3 (IV) Nj

—

——o ol

0y, - b _ —15(12)(9)(12)
Gud,e  12,000127.23)

~-0.01273 rad —-

=-0.73°
0 =tcloc - SUDON2) 60119419
Gocdoe 120002513

" Oc/n = Ocjs + 05, = 0.011938+ (-0.012733) = —0.000795 rad -
=-0.0456°

+

|

Angle of twist
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* Example Problem 6-4 (I)

Given:
m d,=150in.

m d; =10in.

m d.=6in.

m G =12,000 ksi
m T,=750ftlb

Find:
Trmax OF shaft CD = ?

0, =2

p.288

* Example Problem 6-4 (II)

md,=150in.
m dg=10in.
m d.=61in.

T,=1F
Tp=1r.F

s T, :r—CTA = (§}750= 450ft-Ib
5

B

 TeoCen  450(12)(0.75) _

Ty (m2)0Ts)

8150 psi

11



p.288

*Example Problem 6-4 (III)

_“Teobep __ —450(12)(4)(12)

Yoo = G0~ 1200%)(r 2)(0.75%) . ooaderad (

S=r506 =1cOcip o thesame mmber of et K g *

0, =:—;eC/D =§(0.04346)= 0.02608rad |, ; o "Jr Be '
= 1490 L i

0 = 2812 — POU2)ONAD) o og05arad |,

C Gudae  12(10°)(m/2)(0.75%) -~ 5100

0, =0, +0,, =0.02608+0.09054 =0.11662 rad =6.68° [,

p.289

* Example Problem 6-5 (I)

Given tapered shaft:

e
2«_:’,,’:’_4’; S x
Find:
d(T,L,G, =7 p=r+2r_rx=L(L+x)=r+Lx
L L L
L_nl
©(p), I(p) 9=yc = (p. 279)

12



p.290

Example Problem 6-5 (II)

T T AN S vl 4

do=72d - _pP__p _ el 0

P X 4 G ’ J /2 =’ “

4

d6=——dx= 2T4dx= dl 7 ax

Gp Gzp”  Gar*(L+X)

p=—(L+Xx)

g 2T I dx 2t (i_i)_ 7TL

Grr’ 0(|_+x)“ 3Gar*\8® L) 12Gar’

L T Toa_Tmr ‘
H:L’GJ(x)dX J(x)=2p_2[L(L+x)}

m Alternative : place the origin at O’

r 2TL fardx 7L el
P G;rr“jL x*  12Gzr*
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6-5 Stresses on Oblique Planes

Yy

dA sin o

Xy yx Ty dA sin o

_O'X-i-O'y O'X—O'y . _
o, = + cos20+r7,,SIin20 =
" 2 2 e
o,—0, .
T, =———2sin20+1 cosZQ:-
2 Xy

f /4 T ]
A 2
\ p| \
.l Ao - X
A 1

13
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6-5 Stresses on Oblique Planes

For pure torsion

Stress
;-l

maxc, =1, a=45°(T) 135°(C)

maxt, =T, a=0° 90°

p.297

6-5 Stresses on Oblique Planes

longitudinal split

o w: o

Steel

_ b Gray cast iron
tear/mg ;

tension failure

buckling
of brittle mat’l

Low carbon Ste

shear failure of ductile mat’l

'—f@{—' = «&@" max t

14
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i Example Problem 6-6 (I)

mt=6mm,
Omax (Steel tube) = 80 Mpa
Toax =7

max

150 mm
/

T=12KkN-m
o, (weld) = 345 Mpa
T, (Weld) = 205 Mpa

Determine factor of safety
FS=7?

p.298

i Example Problem 6-6 (II)

® G, (tube) =80 Mpa, T,.,=?

J= %(rg‘ —r*)= g (75 —69*)=14.096(10° )mm* =14.096(10° )m*

G = Ty, = 1€ — 80 MPa=80{10° ) N/m”

max max
J

T _Oud _8000°)14.096)10°)
™o 75(10°)

~15.03610°)N-m =15.04kN-m

15
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i Example Problem 6-6 (III)

m T=12kN-m, o, (weld) = 345 Mpa, 1, (Weld) = 205 Mpa
FS= 7

12(10°)(75)(10°°)
14.096(10°)

12(10°)(75)(10°)
14.096(10°)

o, =1,,8in 2a=TTsin 200 = sin2(60°) =55.29 MPa (T)

7, =7,,C0820 = ?cos 20 = c0s2(60°) =—31.92 MPa

G, 345

Fs,=2uw -2 _g24 =FS
G, 5529
Fs, = Tu_ 205 440
T, 3192
p.300

i 6-6 Power Transmission

m Work done by a constant torque T

W, =Td ¢ : angular displacement (rad)

m Power: rate of doing work

Power:M=Td—¢=Ta) o : angular velocity
dt dt
T:N-m 1 rpm = 2zt rad/min
® : rad/min 1 hp = 33000 ft - Ib/min

Power: N -m /min lwatt=1N-m/s
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* Example Problem 6-7 (I)

Omotor = 200 rpm
m Power =800 hp
Motor m Gear boxratio=4:1
m G =12,000 ksi
m 7, =20ksi
m 0, (for 10’ propeller shaft)
=40

Determine

min diameters of two shafts
=77

p.301

* Example Problem 6-7 (II)

(a) considering T, = 20 ksi

B @ = 200 rpm
Pover=To 800(33,000)=T,(200)27z) = Power=s00hp
m  Gearboxratio=4:1
speed of propeller shaft = 4 x speed of crank shaft = G=12,000ksi

T,(200)(27)=T,(800)2)
T, =21,010ft-Ib T, =5252ft-Ib

3, T, 2101012) (w/2)! _ .
L _L_2 0(3 )_ (w2 ¢, =2.002in. d, =2c, =4.00in.
G T 20(10) C,

17



Example Problem 6-7 (III)
(b) Considering 6,,,, (propeller shaft) = 4°©

=

Y | -

0= E B Oporer = 200 rpm
GJ = Power =800 hp
m  Gearboxratio=4:1
7 (4): 5252(12)(10)(12) = Gejlz,gooits?
180 7 (12)10° <t /2) . =20k

c; =5.747 ¢, =1.5483

Y T, _525012) (W2ki o 496100 (d,=2c,~2.32in)

2z
¢, t 2000°)
¢, =1.5483>1.2612
d, =2c, = 2(1.5483)=3.0966in.= 3.10in.

p. 303

i 6-7 Statically Indeterminate Members

m Statically indeterminate members
m Equations of equilibrium

m Distortion equations

18
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Example Problem 6-8 (I)

m Solid section AB
m Annealed bronze
m G, = 45 GPa

m Hollow section BC

100 mm

m Aluminum alloy
m Gg. =28 GPa
Determine

T... = 7?in both sections

max

p. 304

Example Problem 6-8 (II)

T, +T, =30(L0°)

eB/A = 6B/c
E() TALAB _ Tc LBC
30 kN'm ¢ GAB‘] AB GBC‘J BC

19
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i Example Problem 6-8 (III) 7\\
T.L, Tl R
T, +T. =30(10°) e
(n/2)(50°)=9.817(10° )mm* =9.817(10°* )m*
Jye = (m/2)(50* —30*)=8.54510° )mm* =8.545(10° )m*
T.(2) _ T.(L4)
45(10°9.817)(10°)  28(L0° |8.545)(10°¢)

JAB

= T,=0.7737T,

= T,=16.914kN-m T, =13.086kN-m

T.Ch _ 16.914(10°)50)10°)

=86.1MPa

TAB

. s 9.817(10°)
_ TeCoe _13.086(10°f50)10°)
R R YO TR =76.6 MPa
p. 305

i Example Problem 6-9 (I)

m Aluminum alloy tube
m G, = 4000 ksi
" Tallowable = 10 ksi

m Securely connected at the end
of a Steel core

m G, = 11,600 ksi

\*y/" ~Aluminum W Tallowable — 14 Ksi

Determine
Max. 7= ?

0 =?under max. T

20



p. 306 ®  Aluminum alloy tube

u G,=4000ksi

B Tyoeape = 10ksi
i EXa m ple Pro b I em 6_9 (II) L] ::;urc]y connected at the end of a Steel

B G, = 11,600 ksi

4 L 7L B Tyovae = 14 ksi
(9-L=-2)
TR G
WS L el
r I:> GaCa_GsCs
,(60)  t.(60)

= 2000°)1) " 11600°)2)

Ta +TS _T = 1, =1.451,
7, (allowable) =14 ksi
0, =0, =1.4(10)ksi =1.4t, (allowable)
= 1, controls
p. 306
i Example Problem 6-9 (III)
T, =14ksi

1, =14/1.45=9.655ksi <10Kksi

7, 14,000(%/2)(1')

T = ~21.990 in.-Ib
C, 1
9,655(/2)(2* —1*
T =fada (=/2)( )=113,750 in.- Ib
C, 2
Max. T= ?

T =T,+T, =113,750+ 21,990 =135, 740 in.-Ib =135.74 in.- kip

0=0,=0, = t,L, _ 14,000(60)
Gc, 116(10°)2)

=0.0724rad

21
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* Example Problem 6-10 (I)

Given:
m Section CD

m Solid, bronze, G; = 45 GPa
m Section EF
m Hollow aluminum alloy tube
G, =28 GPa
m Steel core, G, = 80 GPa
m Bolt clearance = 0.03 rad
before EF carries any load
m T=54KkN-m

Find:
Tmax — ¢ IN each material

p. 308

* Example Problem 6-10 (II)

T, +T, +T, =54(10°) kNem

’ Htotal = QF/E + HE/D + 0D/C =0
S4kNm Oc)p =0.03 rad
Tep=-Tp
) _
c DE F (HF/E )A _(GF/E )S
)
Opic \l/ O.E;;md

22
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i Example Problem 6-10 (III)

J, =(n/2)(60* —30*) =19.085(10°) mm* =19.085(10°) m*
Js =(m/2)(60*) = 20.36(10°) mm* = 20.36(10°) m* (- |
Js =(n/2)(30%) =1.2723(10°) mm* =1.2723(10"°) m* \/@

&

T, +T,+T,=5410°) =) Tedo, Tl TsJs _5400)
CB CA CS

7(2036)(10°) 7,(19.085)(10°) 7,(1.2723)(10°)

" 2 e =54(10°)
60(10°°) 60(10°) 30(10°)

167, +157, + 27, =2.546(10° )

p. 309

i Example Problem 6-10 (IV)
_ bt ot

(6= p _Gp) “fabs Tl 0 03-0

GgCy GGy

—75(2) N 7,(14)
45(10°)(60)(10%)  28(10°)(60)(10®)

T,(1.4) B 15(1.4)
28(10°)(60)(107°) B 80(10°)(60)(107°)

+0.03=0 8r, =97, +324(10%)

10z, =774

1,=529MPa 1, =1000MPa 1, =756MPa

23
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* 6-8 Combined Effects -

Normal and Shearing Stress

B
/’I‘\
_\‘.-JT
P
Tc
’ny=T
5

J it [ plane stress
small element at =
the outside surface

p. 317
* Example Problem 6-11 (I)
. m d=100 mm
m P =200 kN
® T=30kNm
Determine

stresses at point A

24
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Example Problem 6-11 (II)

30 kN-m e NZ00 kN Y

3
o, =Q=M N/m? = 25.46 MPa= 25.5 MPa(C)
A (n/4)0.100)
T

_T,c_30(10°)0.050)

T, = ="~/ N/m? =15279MPa=1528 MPa
J (n/2)0.050)

p. 317

Example Problem 6-11(III)

o, =—2546MPa c,=0 T,, =—15279MPa

2
o, +0 c,—0C
Cppr=—— % || = | +15,
' 2 2

:—25.46+O+\/((—25.46)—0 :

. ; j +(-15279) =-12.73+15332

6, =-1273+15332=140.6 MPa
c,, =—12.73-15332=-166.1MPa

c,=0,=0

e~ Omin _ 14059 (~166.05)
2

=1533MPa

25
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* Example Problem 6-12 (I)

Given: a pressure vessel ~ m d;=24in.
[ mt=1/2in.
g v i e Rigid Plate m P=250 pSl
m T =150 ft-kip
Determine
Gmax ! Tmax = ’)
p. 318
* Example Problem 6-12 (II)
7 m d;=24in.
-Rigid Plate
x mt=1/2in.
Oy
| Sl 5, =0, =2 _ 25012) =3000psi
— H—>o— 2t 2(1/2)
S 5, =6 _Pr_25002) _conn
! ST

. _Tc_15000°J12)125)
Y3 (y/2)i2st -12)

=3894psi

26



p. 319

* Example Problem 6-12 (III)

2
c,+C o, —0O
Opip2 = X2 yi\/[ X2 yJ +Tiy

2
:30002 6000, \/(3000;6000] +(3894F = 450044173

o, =4500+4173=8673MPa
c,, =4500-4173=327MPa

G,=0,=0

G, =0, =8670psi(T)

=0, =

max min

max
2

Omex ~min _8673-0 _ 1240mpa

322
P i 6-9 Stress Concentrations in Circular

Shafts Under Torsional Loadings

D s id i D ; d
L e o a ’h L
rad. = r rad. = r

m Uniform shaft

Tc
Thax — 7
J
m Stress Concentration
Tmax = K E K == K 2, L
J d d

m K can be used to determine t,,,, as long as t,,,, does not
exceed the proportional limit.

27
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E

p. 323

v

6-9 Stress Concentrations in Circular

Stress concentration factor K,

4

a3

i

Shafts Under Torsional Loadings

PR R
~ ﬁ -
heinis

0.2 0.4 0.6 0.8 1.0
Ratio #/d

6-9 Stress Concentrations in Circular

Shafts Under Torsional Loadings

Stress concentration factor K,

('S

387

Ly okt
d

0.05 0.10 0.15 0.20
Ratio r/d

28
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i Example Problem 6-13

p. 324

i Example Problem 6-13

m |n the 2in. diameter section

Tc _ 628001) :
== =3998
o =T w2)) sl

m In the fillet

. KtTJ—C=8ksi

allowable —

K, =8/3.998=2

m D=4in.
md=2in.
m T=6280in-lb
=8 ksi

Tallowable

Determine

(1) F'min OF (2) rmaxz?

m D=4in.
md=2in.
T'=6280in-lb
=8 ksi

Tallowable

m D/d =2, K, = 2. From Fig. 6-25(b), »

r =0.06d =0.06(2)=0.1200in.
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8 Exercises
6-18, 6- 22, 6-36, 6-47,
6- 55, 6- 96, 6-139, 6- 147

6-9 Stress Concentrations in Circular
Shafts Under Torsional Loadings

v

('S

387

Stress concentration factor K,

0 0.05 0.10 015 020
0.06 Ratio r/d

30



